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 Recently Yang and Debnath 5 obtained the following inequality on the
constant e:
ne 1 e
 e 1  nN . 1Ž . Ž .ž /2 n 1 n 2 n 56Ž . Ž .
 Furthermore, Yang 4 proved
xe 1 e
 e 1  x 0 . 2Ž . Ž .ž /2 x 1 x 2 x 1Ž .
Ž . Ž .As a direct application of the first inequality in 1 or 2 , the following
Carleman’s inequality
 
1
na a  a  e a 3Ž . Ž .Ý Ý1 2 n n
n1 n1
is extended to
  11
na a  a  e 1 a , 4Ž . Ž .Ý Ý1 2 n n2 n 1Ž .n1 n1
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NOTE 723
 Ž  .where a 	 0, n 1, 2, . . . , and 0Ý a   see 5, Theorem 3.1 .n n1 n
This is due to the fact that
n  11
n  a a  a  1 a cf. 1, Chap. 9.12 . 5Ž . Ž .Ž .Ý Ý1 2 n nž /nn1 n1
  Ž .It is noticed by Yang and Debnath 4, 5 that 1 is an improvement of
Ž .Kloosterman’s inequality and 2 is the new inequality on the constant e.
Ž .In this note, we first point out that the inequality 2 and so the first
Ž .inequality in 1 is not new and has been obtained by C. Moreau in 1874
Ž  .cf. 2, Vol. I, Problem I 170 . We then notice that along a similar line as
Ž . Ž  .in the proof of 5 see 1, Chap. 9.12 , any improvement of the first
Ž . Ž .inequality in 1 or 2 will also improve the following Hardy’s inequality
 
1
   n1 2 n a a  a  e  a , 6Ž .Ž .Ý Ýn1 1 2 n n n
n1 n1
n Ž . where 0  
  ,  Ý  , a 	 0 nN , 0Ý  a n1 n n m1 m n n1 n n
Ž  .   cf. 1, Theorem 349; 4 . For example, Yan and Sun 3 extended the
Ž .inequality 1 and obtained that
12 12
x1 1 1
e 1 1  e 1  e 1 1ž /1 1x 0  0x x
5 6
x	 1 . 7Ž . Ž .
Ž . Ž .From 7 , we easily have the following strengthened inequality of 6 .
n Ž .THEOREM. If 0  
  ,  Ý  , a 	 0 nN , 0n1 n n m1 m n
Ý  a  , thenn1 n n
12
 
1 1
   n1 2 n a a  a  e 1  a . 8Ž .Ž .Ý Ýn1 1 2 n n n 1n 0n1 n1 
 5n
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In fact, assume that c  0 for n 1, 2,  . Applying the arithmetic-n
geometric average inequality, we have

1
   n1 2 n a a  aŽ .Ý n1 1 2 n
n1
  1 nn1   1 2 n c a c a  c aŽ . Ž . Ž .Ý 1 1 2 2 n n1 n  1 2 nc c  cn1 Ž .1 2 n
 n 1n1
  c aÝ Ý m m m1 n   1 2 n nc c  cn1 m1Ž .1 2 n
  n1  c a . 9Ž .Ý Ým m m 1 n  1 2 n c c  cnmm1 Ž .n 1 2 n
Choosing
 n nn1
c  1  n 1, 2,  ,Ž .n nž /n
Ž . Ž .we find from 9 and 7 that
 m m 
1 m1   n1 2 n a a  a 
 1  aŽ .Ý Ýn1 1 2 n m mž /mn1 m1
 m m
 1

 1  aÝ m mm 0m1
m
12
 1
 e 1  a . 10Ž .Ý m m 1m 0m1 
 5m
Thus the theorem is proved.
 The above theorem improves the results of Yang and Debnath 4, 5 ,
 and reduces to the result of Yan and Sun 3 in the case when   1n
Ž .nN .
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